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Abstract 
Let G be a graph with a perfect matching and let n be an integer, 1 $ n< 1 V(G))/2. Graph G is 
n-extendable if every matching of size n in G is a subset of a perfect matching. Graph G is bicritical if 
G-u-v has a perfect matching for every pair of points u and v in V(G). It is proved that every 
3-connected claw-free graph is bicritical and for n>2, every (2n+ l)-connected claw-free graph is 
n-extendable. Matching extension in planar and toroidal claw-free graphs is then considered. 
1. Introduction 
A graph G which contains no induced subgraph isomorphic to the complete 
bipartite graph K 1, 3 is said to be claw-free. Claw-free graphs have received a lot of 
attention over the past fifteen years or so in connection with the study of various 
graph properties. Minty [6] and Sbihi [lS] independently showed that there is 
a polynomial algorithm for finding a maximum independent set in a claw-free graph, 
whereas this problem is NP-complete for graphs in general [3]. The strong perfect 
graph conjecture is known to be true for claw-free graphs [8], but remains unsettled 
for graphs in general. Claw-free graphs are known to be edge-reconstructible [l], but 
edge reconstruction remains unsettled in the general case. A plethora of results exist 
concerning paths and cycles in claw-free graphs. For example, Oberly and Sumner [7] 
proved that every connected locally connected claw-free graph with at least three 
points has a Hamilton cycle while Kanetkar and Rao [2] proved that every connected 
locally 2-connected claw-free graph is panconnected, to name but two of the more 
well-known results. 
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Sumner [16-181 and Las Vergnas [4] began the study of perfect matchings in 
claw-free graphs. In particular, they showed, independently, that any connected 
claw-free graph with an even number of points must contain a perfect matching. 
Let G be a graph containing a perfect matching and let n be a positive integer, 
1 dn <( ( V(G)1 - 2)/2. Graph G is said to be n-extendable if every matching of size 
n extends to (i.e. is a subset of) a perfect matching in G. A graph G is bicritical if 
G-U-U contains a perfect matching for every pair of points u and u in I’(G). (Clearly, 
then, every bicritical graph is I-extendable.) A 3-connected bicritical graph is called 
a brick. Bicritical graphs - and more especially bricks - have emerged as an 
important special class in the study of questions about graphs with perfect matchings 
(see [S]). In particular, they play an important role in the problem of bounding the 
number of perfect matchings in a graph. The problem of counting exactly the number 
of perfect matchings in a graph was shown to be # P-complete and hence NP-hard by 
Valiant [19,20]. 
In this paper, n-extendability in claw-free graphs will be studied. 
2. The general case 
The first result presented below shows that a claw-free graph (with an even number 
of points) with sufficiently high connectivity in terms of n must be n-extendable. Such 
a conclusion is easily seen to be false if one omits the claw-free stipulation. For just 
consider the complete bipartite graph K,,, (r < 3), with one additional line added. The 
resulting graph is clearly r-connected, but not even 1-extendable. 
Theorem 2.1. Let n 2 1 be an integer and let G be a (2n + 1)-connected claw-free graph 
with an even number of points. Then: 
(a) ifn= 1, then G is a brick (and hence 1-extendable), and if 
(b) ij n > 2, then G is n-extendable. 
Proof. The proof is an immediate consequence of a result of Sumner [18], 
for G’=G-oi ... -vZn is connected and since G is claw-free, so is G’. Thus, by 
Corollary 2 of [lS], graph G’ has a perfect matching. 0 
Theorem 2.1 is sharp in the sense that there eixsts an infinite family of graphs 
S=(K)? where, for each n, graph H, is claw-free, 2n-connected and has an even 
number of points, but is not an n-extendable. 
To construct H,, simply take n disjoint lines ei=aibi, i= 1, . . . , n and two disjoint 
odd complete graphs K,! and Ki when n is odd or K,‘, 1 and Ki+ 1 when n is even. 
NOW join each ai and bi to each point of both odd complete graphs. 
We also note that for each Jixed nk 1, one can easily construct infinite families of 
graphs satisfying the hypotheses of Theorem 2.1. For example, let P(n)= {F(n, r)}, 
where r>2n+ 1 and F(n, r) is constructed as follows. Remove r-(2n+ 1) perfect 
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matchings from the complete bipartite graph K,,,. Then each of the 2r points of the 
remaining graph has degree 2n + 1, so insert a separate copy of K2,,+ 
2r(2n + 1) points is even and (2n + 1)-connected. 
(In fact, it is also (2n+ l)-regular as well.) Call this graph F(n, I). It is clear that 
F(n, r) is also claw-free since each of its points has degree 2n + 1 and lies in a (2n + l)- 
clique. 
Now motivated by a quest for some kind of converse to Theorem 2.1, we suppose 
that G is claw-free and n-extendable. What do these conditions further impose upon 
the structure of G? If G is 2-extendable, for example, then G cannot have a point of 
degree 3, for claw-freedom implies that such a point would necessarily lie on a triangle 
and then it is easy to find a matching of size two which covers the neighborhood N(v), 
but not u. The next theorem shows how this argument generalizes to arbitrary n. 
Theorem 2.2. Let G be claw-free with mindeg G = 6(G) = 6. Let n be any positive integer 
and suppose that G is n-extendable. Then 6(G)>2n. 
Proof. If G is 1-extendable, then G is 2-connected by [9, Theorem 3.21 and hence 
6(G)>2. So suppose na2 and suppose that 6(G)<2n. (Note that 62 3 again by 
[9,Theorem 3.21.) 
Let u be a point of minimum degree 6. We show either that N(v) is covered by 
a matching of size <n or that G = K2,,. In either case, graph G is not n-extendable and 
we have a contradiction. 
Assume GZK,, and let N(v)={a,, . . . ,as}. 
First assume 6 is odd. So 6 Q 2n- 1. Consider S1 = {al, a2, a3}. Since G is claw-free 
at least two members of S1 are adjacent. Renumbering if necessary, assume al - a2. If 
6 = 3, then n = 2 by [9, Theorem 3.21. However, G # K4, so there exists a line e incident 
with a3, but not with al or a2. Thus, {a1a2,e} does not extend to a perfect matching 
and hence G is not 2-extendable, a contradiction. 
If 6 > 3, let S2 = {a3, a4, a5}. Again by the claw-free assumption, there is a line 
joining some two points of S2 and relabeling if necessary, assume a3 - a4. Continuing 
in this manner, we may suppose a, - a2, a3 N a4, . . . , ad _ 2 - ad _ 1. Together, these lines 
are a matching of size (6- 1)/2<(2n-2)/2=n- 1. Now if there is a point u#lv(v)u{ v} 
such that a6-u, then M,={ala2 ,...,ad_2a6-1,adu) is a matching of size 
(6 - 1)/2 + 1 d n and it cannot be extended to a perfect matching, since M, covers N(u), 
but not u. So again we get a contradiction. 
Thus, no such u exists and since deg a6 26, point ad must be joined to all of 
{a 1, . . . , ad_ 1, u}. Since G# Kd+ 1, at least one of al, . . . ,ad_ 1 is adjacent to a point w, 
where w${al, . . . ,aaml, v}. However, then it is easy to check that this line, together 
with (6- 1)/2 independent lines in G[N(v)] form a matching M, of size (6+ 1)/2dn 
which cannot be extended to a perfect matching, since M, covers N(u), but not u. 
Now suppose 6 is even. (Thus 6 B 4.) As in the case when 6 was odd, since G has no 
claw at v, renumbering if necessary, we may suppose a, -a2, . . . ,a6_3-a6_2. If 
ad_ 1 -ad, we get a matching M, of size 612 <n which does not extend to a perfect 
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matching, since M, 
1 B 6, there exists a u#N(v)u{ u} such that ad- 1 -u. Similarly, 
there is a w~N(u)u{u} such that Q-W. If u#w, then {a~az,...,u~-~,u~-2,ud_1~, 
udw} is set a of (6 -2)/2 + 2 = 6/2 + 1 Q n (since 6 is even) independent lines in G 
which does not extend to a perfect matching, since they cover N(u), but not u. Thus 
G is not (6/2+ 1)-extendable and again by [9, Theorem 2.23, not n-extendable, 
a contradiction. 
Thus u=w. Let U={U~U~_~-U but u$l\r(u)u{u}}. We know IUI>l and us is 
adjacent to every point in U. So suppose 1 U 12 2 and let ul, u2 be two distinct points in 
U. Then (udul, u~_~u~, u1u2, . . . , u~_~LQ_~) is a set of (d-2)/2=6/2+ 1 <n indepen- 
dent lines which do not extend to a perfect matching, since they cover N(u), but not u. 
This is a contradiction. 
So~U~=l.ThusN(ud-I)={uI,u2 ,..., u6e3, aa _ 2, u, u} . In a similar fashion, we see 
that N(ug)=(ul, u2, . . . , aa _ j, ud _ 2, u, u} = N(ud _ 1 ). However, then we have a match- 
ing of size 612 <n, namely (udu2, ad- 1u,, u3 u4, . . . , ad- 3 aa_ 2}, which does not extend 
to a perfect matching and again we have a contradiction. 0 
The lower bound of 6 of 2n in the above theorem is sharp, as is illustrated by the 
following infinite family of graphs .4? = {R(n)} T. Begin with n + 1 independent lines 
f?i=UiUi, i= 1, . . . , n+l. TO each Ui join 2n-1 new points Ui,r,ai2,...,Ui,2n_l and 
symmetrically to each Oi join 2n - 1 new points wi, 1, wi, 2, . . . , Wi, 2n _ 1. NOW join all 
(n + 1) (2n - 1) of the ui,;s to each other and similarly, join all the (n + 1) (2n - 1) of the 
wi, j)s to each other. Denote the resulting graph on 2(n + 1) (2n - 1) + 2(n + 1) points by 
R(n). Then clearly R(n) is claw-free and n-extendable, but mindeg R(n) is exactly 2n. 
The family W also serves another purpose for us. Let f(n) denote the maximum 
value of k such that every graph G which is n-extendable and claw-free has connec- 
tivity at least f(n). In general, we know from [9, Theorem 3.21 that j”(n) > n+ 1. 
However, graph R(n) constructed above is n-extendable, claw-free and has connec- 
tivity exactly n+ 1. Thus, adding the claw-free restriction does not allow one to 
increase the lower bound on guaranteed connectivity for n-extendable graphs. 
3. The planar case 
We know from Theorem 2.1 that all 3-connected claw-free even graphs are bicritical 
and hence 1-extendable and so, in particular, are all such planar graphs. Moreover, it 
is known [lo] that no planar graph is 3-extendable. The following result settles the 
one remaining case for all claw-free planar graphs. Namely, there is precisely one 
3-connected claw-free planar even graph which is 2-extendable - the icosahedron. 
Theorem 3.1. If G is a claw-free 3-connected planar even graph which is 2-extendable, 
then G must be the icosuhedron. 
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Proof. Let G be a graph satisfying the hypotheses and let K(G) denote the (point)- 
connectivity of G. So K(G) > 3. 
Suppose UE V(G). Then by [ 13,Theorem 2. l] max deg (G) < 6 and if deg Go = 6, point 
u lies on at least two separating triangles. First we suppose that deg ca = 6. Let the 
(clockwise) neighbors of u be a, b, c, d, e and f: Without loss of generality, by claw- 
freedom, we may assume that triangle T=acua is a separating triangle. We call the 
component of G-a-c-u which contains b the interior component of G- T and 
denote it by Ci. Then if 1 V(Ci)( is odd, {ac, ud} does not extend to a perfect matching, 
while if 1 V(C,)l is even, {UC, ub} does not extend. In either case, G is not 2-extendable. 
So we may suppose that max deg G < 5 and hence that deg u = 3,4 or 5. 
Suppose now that rc(G)>4. 
Suppsoe deg u=5. Let N(u)=(ui, . . . ,us) in clockwise order about u. Suppose 
a1 + ul. Then by claw-freedom, either a1 N u4 or u2 N u4. Either would give a separat- 
ing triangle in G and so K(G) = 3, a contradiction. So if deg u = 5, u must lie on five 
triangular faces. Suppose now that deg u = 5 for all UE V(G). Then G must be the 
icosahedron which is 2-extendable. (The 2-extendability can be easily verified directly. 
Also the icosahedron is 5-connected and by [14, Theorem 3.11 all 5-connected planar 
even graphs are 2-extendable.) 
Suppose now that deg u =4. Let N(u) = (ui, . . . , u4} again clockwise about u. Since 
rc(G)=4, it follows that u1 +a3 and u27Lu4. So by claw-freedom, we may assume, 
without loss of generality, that u1 -u2. 
Assume u2 + u3. Then claw-freedom implies that u3 -u4. However, then, 
{u1u2, u3uq} does not extend to a perfect matching of G and hence G is not 
2-extendable. Thus we may suppose that u2 -u3. Then if u1 - u4, the set {ui u4, ~2~3 > 
does not extend to a perfect matching. So ui +u4. Similarly, u3 +u4. However, then 
there is a claw centered at u, a contradiction. 
So we have proved that no 4-connected claw-free planar graph is 2-extendable 
except the icosahedron. 
Now suppose rc(G) = 3. Suppose G is 2-extendable. Let (a, b, c} be a minimum point 
cutset in G. Then by [12, Theorem 2.21, the set {a, b, c} must be independent and by 
Theorem 2.2 and planarity, G-a-b-c has exactly two components. We denote 
these two components by G1 and G2. By claw-freedom, neither Gi nor G2 can be 
a singleton. Also by Theorem 2.2, we may suppose that 4<deg a, deg b, deg c< 5. 
Suppose that point a is adjacent o at least three points in Gi. Say a-d, e,fin V(G,) 
and a-g in V(G,). Then by claw-freedom, all the neighbors of a in G1 are adjacent o 
each other. However, then by planarity, point a is adjacent o exactly three points in 
G1, say d, e and f; and without loss of generality, we may assume that triangle 
adfa separates points e and g. 
Since deg e > 4, one of the three triangles adea, aefu and defd must separate some 
point of G from g. 
First suppose that triangle defd separates ome nonempty subgraph Hi of G from 
point a. If Hi is odd, then {dJ; ae} do not extend to a perfect matching. So suppose Hi is 
even and let j be a neighbor of e in Hi. Then (df; ej} do not extend to a perfect matching. 
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By symmetry, it now suffices to assume that triangle adea separates some nonempty 
subgraph H2 from point g (and hencefas well). However, then if H2 is odd, {de, ag} do 
not extend to a perfect matching. So suppose H2 is even. Then since G is 3-connected, 
point a is adjacent to some point in H, which is impossible. 
So we may assume that point a is adjacent to at most two points of G, and 
symmetrically, point a is adjacent to at most two points of Gz. However, from above 
we know that deg a < 4, so it follows that point a is adjacent to exactly two points of 
G1 and to exactly two points of G,. Say a is adjacent to u1 and u1 in G1 and to u2 and 
u2 in GZ. However, then by claw-freedom, (ulul, u2v2} do not extend to a perfect 
matching and the proof is complete. 0 
4. The toroidal case 
Let y(G) denote that genus of graph G and we call G toroidal if y(G)= 1. It is 
interesting to pursue our extendability enquiry for claw-free graphs one step further 
from the plane to the torus. 
First note that although there are 3-extendable toroidal graphs (cf. [ 1 l]), this time 
there are no ‘exceptional’ claw-free graphs in the sense of the icosahedron in the plane 
as we saw in the preceding section. 
Theorem 4.1. If G is claw-free and toroidal, then G is not 3-extendable. 
Proof. Suppose G is both toroidal and 3-extendable. Then by [ll, Theorem 3.21, G is 
both 4-point-regular and 4-face-regular. Let u be any point in G. Let 
N(v)= {al, u2, u3, u4} and consider G[{al, a,, a3, a,}]. Since G is claw-free, we may 
assume, without loss of generality, that a, -u2. Let points bI, . . . , b4 be the fourth 
points on the boundaries of the four quadrangular faces at v which contain a, and u2, 
az and as, a3 and a4, and a4 and al, respectively. Then if {aIa2, bsas, a3 b4} are 
independent, they do not extend to a perfect matching. 
So we must have b2 =b4. However, then {a1a2, b3a4, a,b,} do not extend to 
a perfect matching. 0 
The complete graph K6 is an example of a 2-extendable claw-free toroidal graph. 
But let us present an infinite class Y of such graphs. Each is a 6-regular 6-connected 
triangulation of the torus. The construction goes as follows. Let r by any integer > 2. 
Let a1 ... a2,ul, bI ... b2rbl and c1 ... c2*c1 be three point-disjoint cycles on the surface 
of the torus such that each cycle ‘surrounds’ the hole; that is, none of the three cycles 
can be shrunk to a point on the surface of the torus. Now join bi to ai and ci for 
i=l ,...,2r, join ai to ci and to ci+l for i=1,...,2r-1 and u2r to cl. Also join bi to 
Ui _ 1 and to ci_ 1 for i = 2, . . . ,2r and join b, to u2,. and Cam. Call the resulting 6-regular 
6-connected graph T(r) and let Y = {T,} 2. It is easy to see that each member of .Y is 
claw-free. The 2-extendability of each member of Y follows from Theorem 2.1. 
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Finally, we note that it is easy to construct claw-free graphs having any prescribed 
genus as follows. Let G be a graph of genus y. At each point 27 in G, if deg v = d, replace 
v with d new points vl,. . . , vd and the cycle v1 v2 ... vdvl. This results in a cubic graph 
G’. Now ‘inflate’ point of G’ by replacing it with a triangle. (The term ‘inflate’ is 
apparently due to Chvatal.) We now have another cubic graph G” such that 
1 V(G”)I =31 V(G’)I. It is easy to see from Euler’s formula that y(G)=y(G’)=y(G”). 
However, clearly no G” is 2-extendable. 
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